We generalize and sharpen Aczél's inequality and Popoviciu's inequality by means of two classical inequalities, a unified improvement of Aczél's inequality and Popoviciu's inequality is given. As application, an integral inequality of Aczél-Popoviciu type is established.
Introduction
In 1956, Aczél [1] proved the following result: It is well known that Aczél's inequality has important applications in the theory of functional equations in non-Euclidean geometry. In recent years, this inequality has attracted the interest of many mathematicians and has motivated a large number of research papers involving different proofs, various generalizations, improvements, and applications (see [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] and references therein). We state here a brief history on improvement of Aczél's inequality.
Popoviciu [12] first presented an exponential extension of Aczél's inequality, as follows. 
In a recent paper [14] , Wu established a sharp and generalized version of Popoviciu's inequality as follows.
In this paper, we show a new sharp and generalized version of Popoviciu's inequality, which is a unified improvement of Aczél's inequality and Popoviciu's inequality. In Section 4, the obtained result will be used to establish an integral inequality of Aczél-Popoviciu type.
Lemmas
In order to prove the theorem in Section 3, we first introduce the following lemmas. 
with equality holding if and only if
Proof. From hypotheses in Lemma 2.3, it is easy to verify that
Hence, by using Lemma 2.1 we obtain
. . . (2.8)
Combining inequalities (2.6) and (2.8) leads to inequality (2.3). In addition, from Lemmas 2.1 and 2.2, we can easily deduce that the equality holds in both (2.6) and (2. As a consequence of Theorem 3.1, putting m = 2,
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..,n) in (3.1), we get the following. Obviously, inequalities (3.1), (3.6), and (3.7) are the improvement of Aczél's inequality and Popoviciu's inequality.
Integral version of Aczél-Popoviciu-type inequality
As application of Theorem 3.1, we establish here an interesting integral inequality of Aczél-Popoviciu type. Proof. For any positive integer n, we choose an equidistant partition of [a,b] as a < a + b − a n < ··· < a + b − a n i < ··· < a + b − a n (n − 1) < b,
..,n. 
